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We consider the sets of Dirac-Maxwell and Rarita-Schwinger-Maxwell equations in R× S3 space-
time. Using the Hopf coordinates, we show that these equations allow separation of variables and
obtain the corresponding analytic and numerical solutions. It is also demonstrated that the current
of the Dirac field is related to the Hopf invariant on the S3 → S2 fibration.
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I. INTRODUCTION
There are many works devoted to solving the Dirac equation. The latter has different types of solutions both in the
case of flat spacetime (see, e.g., the textbook [1]) and in curved background spacetime within general relativity (see,
e.g., the textbook [2]). In the present study, we will be interested in solving the Dirac equation in spacetime with a
spatial cross-section in the form of a three-dimensional sphere S3. An interesting feature of such a solution is that it
is related quite nontrivially to the Hopf invariant on such a sphere. Recall that this invariant arises when considering
a sphere S3 as the fibration S3 → S2 with fibres S1. Such a fibration has a topological invariant – the Hopf invariant.
For this reason, we will obtain a topologically nontrivial solution, unlike the topologically trivial one on the sphere
S3 found in Ref. [3].
For the Rarita-Schwinger equation, much fewer solutions are known. Ref. [4] studies equations for a spinor field
of a spin of 3/2 on the background of the Kerr-Reissner-Nordstro¨m spacetime, and it is shown that the equations
allow separation of variables. In Ref. [5], the spin-3/2 perturbations of the extreme Reissner-Nordstro¨m black holes
are analysed. In Ref. [6], the spin-3/2 perturbations of a rotating black hole are analysed within the framework of
linearised supergravity. A spin-3/2 equation for a massless field is solved on the Kerr-Newman black-hole background
in Ref. [7]. Special solutions of the Rarita-Schwinger equation in spacetimes admitting shear free congruences of null
geodesics are found in Ref. [8]. The general Lagrangian and propagator for a vector-spinor field in d−dimensions
are obtained in Ref. [9]. The propagation and quantization of Rarita-Schwinger waves in an external electromagnetic
potential have been considered in Ref. [10].
The Rarita-Schwinger equation is one of fundamental equations in supergravity (SUGRA), which in turn is one of
candidates for the role of the quantum gravity theory. In SUGRA, there are many corresponding solutions in the
bosonic sector. For example, Ref. [11] considers the theory containing two scalar fields and two pseudoscalar fields; in
Ref. [12], an exact type IIB supergravity solution that represents a one-parameter deformation of the T -dual of the
AdS5 × S5 background was found; Ref. [13] is devoted to finding a general fully nonlinear solution of topologically
massive supergravity admitting a Killing spinor. To the best of our knowledge, there are no solutions supported by
spinor fields in SUGRA (this applies, in particular, to a Rarita-Schwinger field). Therefore, the derivation of solutions
to the Rarita-Schwinger equation, even in the absence of gravity, is of great interest.
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2The purpose of the present study is to obtain the following solutions in R×S3 spacetime: (a) topologically nontrivial
solutions of the Dirac equation; (b) solutions to the Rarita-Schwinger equation; and (c) self-consistent solutions within
Dirac-Maxwell and Rarita-Schwinger-Maxwell theories.
The paper is organized as follows. In Sec. II, we consider Dirac-Maxwell theory, within which we obtain an analytic
solution without electromagnetic field and a numerical solution with electromagnetic field. In Sec. III, we consider
Rarita-Schwinger-Maxwell theory, within which we find an analytic solution in the absence of electromagnetic field
and show that in view of the fact that the current of the Rarita-Schwinger field is zero, the electromagnetic field is
absent.
II. DIRAC-MAXWELL THEORY
A. Ansatz and equations
We consider Dirac-Maxwell theory, where the source of electromagnetic field is taken in the form of a massless Dirac
field. The corresponding Lagrangian can be written as (hereafter, we work in units where ~ = c = 1)
L =
i
2
(
ψ¯γµψ;µ − ψ¯;µγµψ
)− 1
4
FµνF
µν (1)
which contains the covariant derivative ψ;µ ≡
[
∂µ + 1/8ωabµ
(
γaγb − γbγa)− ieAµ]ψ, where γa are the Dirac matrices
in flat space (below we use the spinor representation of the matrices); a, b and µ, ν are tetrad and spacetime indices,
respectively; Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor; Aµ are four-potentials of the electromagnetic
field; e is a charge in Maxwell theory. In turn, the Dirac matrices in curved space, γµ = e µa γ
a, are obtained using
the tetrad e µa , and ωabµ is the spin connection [for its definition, see Ref. [14], formula (7.135)].
Varying the corresponding action with the Lagrangian (1), one can obtain the following set of equations:
iγµψ;µ = 0, (2)
1√−g
∂
∂xν
(√−gFµν) = −4πjµ, (3)
where g is the determinant of the metric tensor and jµ = eψ¯γµψ is the four-current.
We seek a solution of the above equations in R × S3 spacetime with the Hopf coordinates χ, θ, ϕ on a sphere S3.
The corresponding metric is
ds2 = dt2 − r
2
4
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
= dt2 − r2dS23 , (4)
where dS23 is the Hopf metric on the unit S
3 sphere; r is a constant; 0 ≤ χ, ϕ ≤ 2π and 0 ≤ θ ≤ π. For a detailed
description of the Hopf fibration, see Appendix A.
To solve Eqs. (2) and (3), we use the following Ansatz for the spinor and electromagnetic fields:
ψmn = e
−iΩteinχeimϕ


Θ1(θ)
Θ2(θ)
0
0

 , (5)
Aµ = {φ(θ), rρ(θ), 0, rλ(θ)} . (6)
where m,n are integers. The spinor may transform under a rotation through an angle 2π as
ψmn(χ+ 2π, θ, ϕ+ 2π) = ψmn(χ, θ, ϕ).
Then, due to the presence of the factors einχ and eimϕ in Eq. (5), the spinors ψmn and ψpq with different pairs of
indices (m,n) and (p, q) are orthogonal.
To solve the equations, we employ the tetrad
eaµ =


1 0 0 0
0 r2 0 − r2 cos θ
0 0 r2 0
0 0 0 r2 sin θ


3coming from the metric (4). Taking all this into account, the current jµ [for its definition, see after Eq. (3)] is
jµ = −e
r
{
r
(
Θ21 +Θ
2
2
)
,−2 [cot θ (Θ21 −Θ22)+ 2Θ1Θ2] , 0,−2 cscθ (Θ21 −Θ22)} .
After substitution of the Ansatz (5) and (6) in Eqs. (2) and (3), we have
Θ′1 +Θ1
(
cot θ
2
+ n+ erρ
)
+Θ2
(
1
4
− rΩ
2
− n cot θ − m
sin θ
− erρ cot θ − erλ
sin θ
+
er
2
φ
)
= 0, (7)
Θ′2 +Θ2
(
cot θ
2
− n− erρ
)
+Θ1
(
−1
4
+
rΩ
2
− n cot θ − m
sin θ
− erρ cot θ − erλ
sin θ
− er
2
φ
)
= 0, (8)
1
sin θ
(sin θφ′)
′
= φ′′ + cot θφ′ = −er
2
4
(
Θ21 +Θ
2
2
)
, (9)(
ρ′
sin θ
)′
+ (cot θλ′)
′
=
ρ′′
sin θ
− cot θ
sin θ
ρ′ + cot θλ′′ − λ
′
sin2 θ
=
er2
8
[
cos θ
(
Θ21 −Θ22
)
+ 2 sin θΘ1Θ2
]
, (10)
(
λ′
sin θ
)′
+ (cot θρ′)
′
=
λ′′
sin θ
− cot θ
sin θ
λ′ + cot θρ′′ − ρ
′
sin2 θ
=
er2
8
(
Θ21 −Θ22
)
, (11)
where the prime denotes differentiation with respect to θ. Note that the set of equations (7)-(11) must be solved as
an eigenvalue problem for Ω with the eigenfunctions Θ1,2.
We seek a solution in the following particular form:
Θ2 = ±Θ1 = Θ, λ′ = −ρ′ cos θ,
and the eigenparameter Ω is given by the expression
rΩn =
1
2
± 2n. (12)
It is seen from this expression that the energy of the system Ω depends on n only, i.e., the energy spectrum is
degenerate with respect to m.
For the above particular solution, Eq. (11) is satisfied identically, and the remaining equations yield the set of
equations for the functions Θ, φ, ρ, and λ,
Θ˜′ ∓ Θ˜
[
cot θ
(
∓1
2
+ n+ ρ˜
)
+
1
sin θ
(
m+ λ˜
)]
= 0, (13)
1
sin θ
(
sin θφ˜′
)′
= − Θ˜
2
2
, (14)
1
sin θ
(sin θρ˜′)
′
= ± Θ˜
2
4
, (15)
λ˜′ = −ρ˜′ cos θ, (16)
where we have introduced new dimensionless variables ρ˜, λ˜, φ˜ = er (ρ, λ, φ) and Θ˜ = er3/2Θ. From the Maxwell
equations (14) and (15), it then follows that φ˜ = ∓2ρ˜.
B. Analytic solutions with “frozen” electric and magnetic fields
Before solving the full set of equations (13)-(16), consider the case of “frozen” electric and magnetic fields, where
the scalar and vector potentials φ = ρ = λ = 0. The solution of Eq. (13) is then [15]
(Θ1)mn = ± (Θ2)mn = ±Θmn =
C
r3/2
sinα
(
θ
2
)
cosβ
(
θ
2
)
,
α = ± (n+m)− 1
2
, β = ± (n−m)− 1
2
, Ωn =
1
2r
(1± 4n) .
(17)
Here, we explicitly take the integration constant in the form C/r3/2 so that the constant C would be dimensionless.
4Since the spinors ψmn and ψpq are orthogonal for (m,n) 6= (p, q), using the normalization condition∫
ψ†mnψmn sin θdχdθdϕ =
4C2
r3
(2π)
2 Γ
(
n+m+ 12
)
Γ
(
n−m+ 12
)
Γ (2n+ 1)
= 1,
one can find the normalization constant
Cmn =
1
4π
√
r3
Γ (2n+ 1)
Γ
(
n+m+ 12
)
Γ
(
n−m+ 12
) .
The condition of the positiveness of the Γ functions leads to the following inequalities for the quantum numbers m
and n:
n > 0, |m| 6 n.
In this case, the solution energy spectrum (12) satisfies the inequalities
rΩ+,n =
1
2
+ 2n >
1
2
, rΩ−,n =
1
2
− 2n 6 1
2
.
Consider now some physical properties of the solution (17). The spin density tensor for the Dirac field is defined as
Sabc =
1
8
ψ¯ {γa, σbc}ψ,
where σab = (i/2) [γa, γb]. After substituting the Ansatz (5), we have the following nonzero components of this tensor:
S012 = −D
4
, S023 =
C
2
, S123 = −A
4
,
where A = Θ21+Θ22, C = Θ1Θ2,D = Θ21−Θ22. After substituting the solution (17), we get the absolutely antisymmetric
tensor
S023 = −S123 = C
2
2
sin2m+2n−1
(
θ
2
)
cos−2m+2n−1
(
θ
2
)
.
The current ja is defined as
ja =
(
Θ21 +Θ
2
2, 2Θ1Θ2, 0,Θ
2
1 −Θ22
)
,
and for the exact solution (17) it is
ja = 2Θ2
(
ω0 + ω1
)
with the 1-forms ω0 = dt, ω1 = dχ− cos θdϕ.
The 1-form ω1 defines the Hopf invariant (see Appendix A)
H =
1
V
∫
ω1 ∧ dω1 = 1.
The energy-momentum tensor is
Tab =
1
r


(2n+ 12 )A −nB 0 −
(
n+ 12
)D − ( msin θ + n cot θ)A
−nB −A2 + 4nC 0 nB − cot θ2 A+ 2msin θC
0 0 A2 + 2E 0
− (n+ 12)D − ( msin θ + n cot θ)A nB − cot θ2 A+ 2msin θC 0 A2 + 2 ( msin θ + n cot θ)D

 , (18)
where B = (Θ1 +Θ2)2 and E = Θ′1Θ2 −Θ′2Θ1. For the solution (17), we have
Tab =
2c2
r
sin2m+2n−1
(
θ
2
)
cos−2m+2n−1
(
θ
2
)
×


2n+ 12 −2n 0 − msin θ −
(
n− 12 cot θ
)
−2n 2n− 12 0 msin θ +
(
n− 12 cot θ
)
0 0 1 0
− msin θ −
(
n− 12 cot θ
)
m
sin θ +
(
n− 12 cot θ
)
0 1

 .
5FIG. 1: The spinor Θ˜ and the electromagnetic field po-
tentials eAχ = ρ˜ and eAϕ = λ˜ for the case of m = 0, n =
2, and a0 = 1.
FIG. 2: The electric, erEθ = φ˜
′, and magnetic, erHϕ =
−2ρ˜′ sin θ, fields for the case of m = 0, n = 2, and a0 = 1.
C. Numerical solution with electric and magnetic fields
Since Eqs. (13)-(16) cannot be integrated analytically, we will seek their numerical solution. Before doing that, it
is necessary to find an approximate solution near the point θ = 0, which may be sought in the form of the following
power series:
Θ˜ = θα
∑
i=0
aiθ
i, φ˜ = θγ
∑
i=0
fiθ
i, λ˜ = θδ
∑
i=0
ciθ
i, ρ˜ = θǫ
∑
i=0
diθ
i, (19)
where α, γ, δ, ǫ, ai, fi, ci, di are parameters to be determined. Substituting (19) in Eqs. (13)-(16) and comparing the
leading terms, we find the values of the expansion parameters
α = m+ n− 1
2
, ǫ = δ = 2α+ 2, −d0 = c0 = − a
2
0
16
(
m+ n+ 12
)2 , a1 = d1 = −c1 = 0.
Thus, for numerical computations, we have the following values of the functions at the point θ = ∆:
Θ˜(∆) = a0∆
m+n−1/2, λ˜(∆) = − a
2
0
16
(
m+ n+ 12
)2∆2(m+n)+1, ρ˜(∆) = a20
16
(
m+ n+ 12
)2∆2(m+n)+1,
where the parameter a0 is arbitrary. Since the functions ρ˜ and φ˜ are linearly proportional [see the corresponding
expression after Eq. (16)], for φ˜, there will be an expansion similar to that given above for ρ˜. Also, since the set of
equations (13)-(16) contains sin θ in the denominator, we start the numerical solution not from the point θ = 0 but
from θ = ∆≪ 1.
In the case under consideration, the components of the electric, Eθ, and magnetic, Hχ,ϕ, fields are
Eθ = Ftθ = φ
′, Hχ =
1
2
ǫχjkF
jk = 2
ρ′ cos θ + λ′
sin θ
= 0,
Hϕ =
1
2
ǫϕjkF
jk = −2ρ
′ + λ′ cos θ
sin θ
= −2ρ′ sin θ = ±φ′ sin θ.
The results of calculations are given in Figs. 1 and 2 [note that for plotting these graphs we have chosen the upper
signs in Eqs. (13) and (15)]. The analysis of this numerical solution indicates that the function Θ is practically
coincide with the analytic solution (17) obtained in the absence of the fields φ, λ, and ρ. In turn, using the solutions
found, one can also calculate the energy-momentum tensor (18).
1. Solution in the neighborhood of singular points
It is seen from the graphs shown in Fig. 1 that as θ → π the functions ρ and λ diverge. In this connection, it is
useful to analyse their behavior near the point θ = π, where a solution is sought in the form
Θ˜ = θ˜α
∑
i=0
aiθ˜
i, λ˜ = λ0 ln θ˜ +O
(
θ˜δ
)
, ρ˜ = ρ0 ln θ˜ +O
(
θ˜ǫ
)
6with θ˜ = π − θ. Making a change of the variable θ → π − θ˜, one can find from Eq. (16) that as θ → π the parameter
ρ0 = λ0, and Eq. (15) is satisfied to within θ˜
2α. Then the terms with ρ0 ln θ˜ and λ0 ln θ˜ in the square brackets of
Eq. (13) cancel each other. That will leave the term (∓1/2 + n+m) Θ˜/ sin θ˜, whose behavior is determined by the
behavior of Θ˜, which in turn depends on the values of the parameters m and n. In particular, for the solutions with
m = 0 and n = 2 shown in Fig. 1 this term tends to zero. In turn, at the point θ = π, the electromagnetic potentials
λ˜ and ρ˜ and the component of the electric field Eθ ∝ ρ˜′ diverge, whereas the magnetic field Hϕ ∝ ρ˜′ sin θ˜ → const
(see Fig. 2).
Note also that we can start the solution not from the point θ = 0 but from θ = π. Then, by changing to the new
variable θ˜ = π − θ and seeking a solution of Eqs. (13)-(16) in the same form (19), by comparing the leading terms,
we get the following values of the expansion coefficients:
α = m+ n+
1
2
, ǫ = δ = 2α+ 2, d0 = c0 =
a20
16
(
m+ n+ 32
)2 , a1 = d1 = c1 = 0.
In this case the solution will be regular at the point θ = π but singular for θ = 0. Then the corresponding graphs of
the solutions will be mirror-inverted compared to those shown in Figs. 1 and 2.
2. Energy-momentum tensor of the electromagnetic field
Let us now write out the tetrad components of the energy-momentum tensor of the electromagnetic field for the
potential (6). Using Eq. (16), one can find
Tab =
8
r2


1
4
(
4ρ′2 + φ′2
)
φ′ρ′ 0 0
φ′ρ′ 14
(
4ρ′2 + φ′2
)
0 0
0 0 ρ′2 − 14φ′2 0
0 0 0 −ρ′2 + 14φ′2

 .
Taking into account that the potentials ρ and φ appearing here are related by φ = ∓2ρ [see after Eq. (16)], Ttt, Tχχ,
and Ttχ components diverge at the point θ = π, and the components Tθθ and Tϕϕ are equal to zero.
It is seen from the above results that we are dealing with a very interesting situation: (a) the set of equations
(13)-(16) has the regular solution for the spinor function Θ and singular solutions for the electromagnetic functions ρ
and λ; (b) either at the point θ = π or for θ = 0 the behavior of the potentials ρ and λ is such that the electric field
Eθ is singular and the magnetic field Hϕ is regular; and (c) the energy density and the pressure of the electromagnetic
field, as well as the (t− χ) component of the Poynting vector, are singular either at the point θ = π or for θ = 0.
3. Small electric and magnetic fields
Consider the case of small electric and magnetic fields, where one can neglect the terms with er in Eqs. (7)-(11)
compared to other terms. As a result, there will be the set of Maxwell’s equations (14)-(16) plus the separate Dirac
equation (13), whose solution is given by Eq. (17).
A first integration of (14) yields
φ′ = −eC
2
2r
Bsin(θ/2)(1 + α, 1 + β)
sin θ
, α > −1,
where Bsin(θ/2)(1 + α, 1 + β) is the incomplete Euler beta function. Using the expansion in the neighbourhood of
θ = 0,
Bsin(θ/2)(1 + α, 1 + β)
sin θ
≈ θ
2α+1
41+α(1 + α)
,
we have for the electric and magnetic field intensities
|Eθ| ≈ θ2α+1, |Hϕ| ≈ θ2α.
This means that for α > 0 these fields go to zero as θ → 0.
7III. RARITA-SCHWINGER-MAXWELL THEORY
A. General equations
Consider the theory describing the interaction of the Rarita-Schwinger field ψai with a Maxwellian electromagnetic
field. The Maxwell equations keep their form (3), and the Rarita-Schwinger equations describing massless spin-3/2
particles are
iγµ∇µψai = 0. (20)
Here, the covariant derivative ∇µψai = ∂µψai+ 14ωbcµγbijγcjkψak−ωbaµψbi− ieAµψai involves the spinor, i, j, k, tetrad,
a, b, c, and spacetime, µ, indices, the four-current jµ = ǫabcdψ¯ai (γ5)ij (γb)jk e
µ
cψdk with ǫ
abcd being the completely
antisymmetric Levi-Civita symbol.
The spinor Rarita-Schwinger field must also satisfy the following constraints [16] (hereafter, we drop the spinor
index i in ψai for simplicity):
∇aψa = κ
2
γaψa, (21)(
1
2
Rab + ieFab
)
γaψb +
(
κ2
2
− R
12
− e
3
Fcdσ
cd
)
γaψa = 0, (22)
where κ is a numerical coefficient, Fab is the electromagnetic field tensor with tetrad indices, Rab and R are the Ricci
tensor and the scalar curvature, respectively. Taking into account the constraints (21) and (22), Eq. (20) can be recast
in the following equivalent form:
ǫλνρσγ5γν (∇µψν −∇νψµ) = 0, (23)
where ∇µψν = eaν∇µψa; in this form, it is used in SUGRA.
One of distinctive features of the Rarita-Schwinger equation is that the spinor ψa has 16 components, but the
constraints (21) and (22) reduce the number of independent components to 8. This means that this equation is
overconstrained, and the derivation of its solutions is hampered by this fact.
B. Solutions with “frozen” electric and magnetic fields
In this case, there is only the Rarita-Schwinger equation (20) with the constraints (21) and (22). Since we consider
the case of a massless spinor field, we will seek a solution of Eq. (20) in R× S3 spacetime with the metric (4) in the
form
(ψa)
T
mn = e
−iΩteinχeimϕ


0 0 0 0
0 0 Θ23(θ) Θ24(θ)
0 0 iΘ33(θ) iΘ34(θ)
0 0 Θ43(θ) Θ44(θ)

 = (χa)Tmn + (ξa)Tmn . (24)
Here, we have split the Rarita-Schwinger spinor (ψa)mn into two Weyl spinors, one of which is set to be zero:
(χa)mn = 0. The integers m and n appearing here are quantum numbers, and (. . . )
T denotes the transpose for the
spinor indices but not for the tetrad index a.
After substitution of the Ansatz (24) in Eq. (20), we get the following set of equations:
Θ′24 −
Θ33
2
− Θ44
2
−Θ23
(
m
sin θ
+ n cot θ +
rΩ
2
+
1
4
)
+Θ24
(
cot θ
2
− n
)
= 0, (25)
Θ′34 −
Θ23
2
− Θ44
2
−Θ43 cot θ −Θ33
(
m
sin θ
+ n cot θ +
rΩ
2
+
1
4
)
+Θ34
(
cot θ
2
− n
)
= 0, (26)
Θ′44 +
Θ24
2
− Θ34
2
−Θ33 cot θ −Θ43
(
m
sin θ
+ n cot θ +
rΩ
2
+
1
4
)
+Θ44
(
cot θ
2
− n
)
= 0, (27)
−Θ′23 +
Θ34
2
+
Θ43
2
+ Θ24
(
m
sin θ
+ n cot θ − rΩ
2
− 1
4
)
−Θ23
(
cot θ
2
+ n
)
= 0, (28)
8−Θ′33 +
Θ24
2
− Θ43
2
+ Θ44 cot(θ) + Θ34
(
m
sin θ
+ n cot θ − rΩ
2
− 1
4
)
−Θ33
(
cot θ
2
+ n
)
= 0, (29)
−Θ′43 −
Θ23
2
− Θ33
2
+ Θ34 cot θ +Θ44
(
m
sin θ
+ n cot θ − rΩ
2
− 1
4
)
−Θ43
(
cot θ
2
+ n
)
= 0. (30)
Let us now assume that the left-hand and right-hand sides of the constraint equation (21) are equal to zero separately
[below we will show that this assumption is valid for the solutions obtained, see after Eq. (40)]. This leads to the
constraint γaψa = 0, from which the following relations between the components of the spinor are found to be
Θ43 = −Θ24 −Θ34, Θ44 = Θ23 −Θ33. (31)
After substitution of (31) in Eqs. (25)-(30), one can eliminate Θ′23,Θ
′
33,Θ
′
24,Θ
′
34 from Eqs. (27) and (30) and get the
following relations between the components of the spinor:
Θ33 =2Θ23
2 msin θ (2rΩ− 1) + 8n2 + 2n cot θ(2rΩ + 1) + 2rΩ− 1
16n2 − (1 − 2rΩ)2
+ 2Θ24
2n(−4 msin θ + 2rΩ+ 1) + cot θ
(−8n2 − 2rΩ + 1)
16n2 − (1− 2rΩ)2 , (32)
Θ34 =− 2Θ23
2n(4 msin θ + 2rΩ+ 1) + cot θ
(
8n2 + 2rΩ− 1)
16n2 − (1− 2rΩ)2
− 2Θ24
2 msin θ − 4mrΩsin θ + 8n2 − 2n cot θ(2rΩ + 1) + 2rΩ− 1
16n2 − (1− 2rΩ)2 . (33)
Substituting this in the initial set of equations, we find the following equations for the Θ23 and Θ24 components of
the spinor:
Θ′23 +Θ23
(
cot θ
2
+ n
)
+Θ24
(
− m
sin θ
− n cot θ + rΩ
2
+
3
4
)
= 0,
Θ′24 +Θ24
(
cot θ
2
− n
)
−Θ23
(
m
sin θ
+ n cot θ +
rΩ
2
+
3
4
)
= 0,
where the eigenvalue Ωn is defined as
rΩn = −3
2
− 2n. (34)
As in the case of the Dirac field [see after Eq. (12)], one can see from this expression that, since the energy of the
system Ω depends on n only, the energy spectrum is degenerate with respect to m.
We seek a solution of the above equations in the particular form
Θ24 = Θ23 = Θ,
obtaining the equation
Θ′ +Θ
[(
1
2
− n
)
cot θ − m
sin θ
]
= 0. (35)
Taking into account the expressions (31)-(33), we then have the following set of solutions:
(Θ24)mn = (Θ23)mn = Θmn = C tan
m
(
θ
2
)
sinn−
1
2 θ = C˜ sinn+m−
1
2
(
θ
2
)
cosn−m−
1
2
(
θ
2
)
, (36)
(Θ33)mn = C sin
n− 1
2 (θ) tanm
(
θ
2
)[
(n− 1
2
) cot θ +
m
sin θ
+
1
2
]
, (37)
(Θ34)mn = C sin
n− 1
2 (θ) tanm
(
θ
2
)[
(n− 1
2
) cot θ +
m
sin θ
− 1
2
]
, (38)
9(Θ43)mn = −C sinn−
1
2 (θ) tanm
(
θ
2
)[
(n− 1
2
) cot θ +
m
sin θ
+
1
2
]
, (39)
(Θ44)mn = −C sinn−
1
2 (θ) tanm
(
θ
2
)[
(n− 1
2
) cot θ +
m
sin θ
− 1
2
]
, (40)
where C is an integration constant and the functions appearing here are eigenfunctions of the Rarita-Schwinger
equation. Substituting these solutions in Eqs. (21) and (22), one can show that they satisfy these constraints. Also,
it can be shown that the solutions (36)-(40) satisfy the Rarita-Schwinger equation (23) written in the form employed
in SUGRA.
Thus the Weyl spinor (ξa)mn from (24) can be recast in the form
(ξa)
T
mn = Ce
−iΩteinχeimϕ sinα
(
θ
2
)
cosβ
(
θ
2
)

[(
n− 1
2
)
cot θ +
m
sin θ
]
0 0
0 0
1 1
−1 −1

+ 1
2


0 0
1 1
1 −1
−1 1



 , (41)
where α = n+m− 12 , β = n−m− 12 .
Also, there exists one more solution, for which
rΩ = −3
2
+ 2n, Θ24 = −Θ23 = Θ.
This leads to the replacement of m,n by −m,−n in Eq. (35) and to the corresponding replacements in the expres-
sions (36)-(40).
1. Properties of the solution
We demand that the solution (41) would be integrated by quadrature∫ (
ξ†a
)
mn
(ξa)mn dV <∞, no summing over a.
Then we have the following restrictions on the possible values of the quantum numbers m and n:
n > 2, |m| 6 n− 1
2
. (42)
This in turn leads to the following inequality for the energy coming from the energy spectrum (34):
rΩn 6 −11
2
.
For the Rarita-Schwinger field, the symmetrized energy-momentum tensor with tetrad indices is calculated by the
formula
Tab =
1
2
(
ǫm cda e
ρ
c ψ¯mγ5γb∇ρψd + ǫm cdb e ρc ψ¯mγ5γa∇ρψd
)
+ c.c.
Substituting here the solutions (36)-(40), we have
Tab =C
2 (4n+ 3)
r
sin2n−1 θ sin2m
(
θ
2
)
cos−2m
(
θ
2
)
×

2
[
m
sin θ
+
(
n− 1
2
)
cot θ
]2
1 0 0 0
0 1 0 1
0 0 0 0
0 1 0 0

 +


3
2 0 0 0
0 − 12 0 0
0 0 1 0
0 0 0 1



 .
The spin density for the Rarita-Schwinger field is defined as
Sabc =
i
4
[
ψ¯bγaψc − ψ¯cγaψb + ηab
(
ψ¯cγ
dψd − ψ¯dγdψc
)− ηac (ψ¯bγdψd − ψ¯dγdψb)] .
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For the solutions (36)-(40), there are the following nonzero components:
S023 =− S032 = S123 = −S132 = S324 = −S342 = A
[
m
sin θ
+
(
n− 1
2
)
cot θ
]
,
−S213 = = S231 = S312 = −S321 = A tan θ
2
,
S023 =− S032 = S123 = −S132 = A tan θ
{
1
4
+
[
m
sin θ
+
(
n− 1
2
)
cot θ
]2}
,
where
A =
C2(4n+ 3)
r
sin2n−1 θ sin2m
(
θ
2
)
cos−2m
(
θ
2
)
.
C. Solution with electric and magnetic fields
For the full Rarita-Schwinger-Maxwell system with the field equations (20) and (3) involving the current
jµ = ǫabcde µc ψ¯aγ5γbψd,
one can show that for the solutions (36)-(40) all its components are equal to zero identically. This means that the
Maxwell equations (3) have a trivial solution Aµ = 0. Thus, the Rarita-Schwinger-Maxwell system under consideration
has a self-consistent solution with the spinor field given by Eq. (41) and the trivial electromagnetic field; that is, such
spinor field does not create a source for the Maxwellian field.
IV. CONCLUSIONS
Summarizing the results obtained,
• We have shown that in R×S3 spacetime the Dirac and Rarita-Schwinger equations allow separation of variables.
• In the absence of electric and magnetic fields, these equations have regular solutions.
• In the presence of an electromagnetic field:
– The set of Dirac-Maxwell equations has self-consistent solutions with nonzero electric and magnetic fields.
– For the Rarita-Schwinger-Maxwell system, we have found a trivial solution without electromagnetic field,
which is obtained in view of the fact that the current of the Rarita-Schwinger field is zero.
• In Dirac-Maxwell theory, the current of the Dirac field is related to the Hopf invariant.
• Both for the Dirac field and for the Rarita-Schwinger field, the energy-momentum and spin density tensors have
been calculated.
Let us also point out the following features of the Dirac-Maxwell and Rarita-Schwinger-Maxwell systems studied in
the present paper. The set of Dirac-Maxwell equations permits a solution for which the spinor and magnetic fields are
regular at the point θ = π, whereas the electric field is singular at that point. The peculiarity of the situation is that
the singularity of the electromagnetic potentials At,χ,ϕ does not lead to a singularity of the spinor. The peculiarity of
the set of Rarita-Schwinger-Maxwell equations is that the Rarita-Schwinger field has vanishing current; this has the
result that the electromagnetic field is trivial, i.e., its potentials are equal to zero.
In conclusion, the solutions obtained can be of considerable interest, since the solution with the Dirac field is related
to the topological invariant of the Hopf fibration. In turn, the solution with the Rarita-Schwinger spinor can be of
some interest in respect of its use in describing the fermionic sector of SUGRA. Note also that the solutions found can
be regarded as an analogue of plane waves in Minkowski space, since there are no external fields in these solutions.
The main difference from the plane waves consists in the fact that the solutions obtained here form a discrete spectrum
numbered by integers m and n.
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Appendix A: Hopf fibration
The standard three-dimensional sphere S3 is a set of points in R4 that satisfy the equation
X2 + Y 2 + Z2 +W 2 = r2,
where r is the radius of the sphere and X,Y, Z,W are coordinates of the enveloping four-dimensional space in which
the three-dimensional sphere is embedded.
The fibration h : S3 → S2 is defined by the Hopf mapping
h (X,Y, Z,W ) =
{
X2 + Y 2 − Z2 −W 2, 2 (XW + Y Z) , 2 (YW −XZ)} .
The Hopf coordinates 0 ≤ θ ≤ π, 0 ≤ χ, ϕ ≤ 2π on a three-dimensional sphere are given in the form
X = r cos
(
ϕ+ χ
2
)
sin
θ
2
, Y = r sin
(
ϕ+ χ
2
)
sin
θ
2
,
Z = r cos
(
ϕ− χ
2
)
cos
θ
2
, W = r sin
(
ϕ− χ
2
)
cos
θ
2
.
On the Hopf fibration, one can introduce the so-called Hopf invariant, which is defined as
H =
1
V
∫
Υ ∧ dΥ,
where Υ is some 1-form and the volume of a three-dimensional Hopf sphere is V =
∫
sin θdχdθdϕ. On the Hopf
fibration, the 1-form
Υ = dχ− cos θdϕ.
For this case, the Hopf invariant H = 1.
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